Following an historical introduction, the conventional canonical formulation of general relativity theory is presented. The canonical Lagrangian is expressed in terms of the extrinsic and intrinsic curvatures of the hypersurface x = constant, and its relation to the asymptotic field energy in an infinite world is noted. The distinction between finite and infinite worlds is emphasized. In the quantum theory the primary and secondary constraints become conditions on the state vector, and in the case of finite worlds these conditions alone govern the dynamics. A resolution of the factor-ordering problem is proposed, and the consistency of the constraints is demonstrated. A 6-dimensional hyperbolic Riemannian manifold is introduced which takes for its metric the coeKcient of the momenta in the Hamiltonian constraint. The geodesic incompletability of this manifold, owing to the existence of a frontier of infinite curvature, is demonstrated. The possibility is explored of relating this manifold to an infinite-dimensional manifold of 3-geometries, and of relating the structure of the latter manifold in turn to the dynamical behavior of space-time. The problem is approached through the WEB approximation and Hamilton-Jacobi theory. Einstein s equations are revealed as geodesic equations in the manifold of 3-geometries, modified by the presence of a "force term. " The classical phenomenon of gravitational collapse shows that the force term is not powerful enough to prevent the trajectory of space-time from running into the frontier. The as-yet unresolved problem of determining when the collapse phenomenon represents a real barrier to the quantum-state functional is briefly discussed, and a boundary condition at the barrier is proposed. The state functional of a finite world can depend only on the 3-geometry of the hypersurface x =constant. The label x' itself is irrelevant, and "time" must be determined intrinsically. A natural definition for the inner product of two such state functionals is introduced which, however, encounters difIiculties with negative probabilities owing to the barrier boundary condition. In order to resolve these difliculties, a simplified model, the quantized Friedmann universe, is studied in detail. In order to obtain nonstatic wave functions which resemble a universe evolving, it is necessary to introduce a clock. In order that the combined wave functions of universe-elm-clock be normalizable, it turns out that the periods of universe and clock must be commensurable. Wave packets exhibiting quasiclassical behavior are constructed, and attention is called to the phenomenological character of "time. " The innerproduct definition is rescued from its negative-probability dif5culties by making use of the fact that probability flows in a closed finite circuit in configuration space. The article ends with some speculations on the uniqueness of the state functional of the actual universe. It is suggested that a viewpoint due to Everett should be adopted in its interpretation.
INTRODUCTION
LMOST as soon as quantum field theory was invented by Heisenberg, Pauli, Pock, Dirac, and Jordan, attempts were made to apply it to fields other than the electromagnetic field which had given it- 
160 mature, to read into Rosenfeld's result a forecast that quantum gravidynamics was destined, from the very beginning, to be inextricably linked with the dificult issues lying at the theoretical foundations of particle physics. During physics's great boom of the thirties the difFicult issues of field theory were inevitably often bypassed.
Moreover, it was recognized early that as far as the gravitational field is concerned its quanta (assuming they exist) can produce no observable effects until energies of the order of i0" eV are reached, this fantastic energy corresponding to the so-called "Planck length" ( tt/Gc )'s"=1 0" cm, where G is the gravitation constant. Hence The calculation wa, s pushed, however, again only to the lowest order of perturbation theory; in this order, which involves only single closed Feynman loops, the ensuing complications are easily dealt with.
At about the same time investigations of a more ambitious kind were undertaken by 8ergmann. '
Although the renormalization philosophy had proved a resounding success in quantum electrodynamics it was still under critical attack because the methods then (and frequently even now) in use involved the explicit manipulation of divergent quantities. Similar (although more elementary) diKculties also persisted in classical particle theories with one important exception, namely, the theory of the interaction of point masses with gravity. In 1938, Einstein, Infeld, and Hoffmann4 had shown that the la, ws of motion of such particles follow from the gravitational field equations alone, without divergent quantities ever appearing or such concepts as self-mass intervening at any time. Moreover, this result had been subsequently extended to include electrically charged particles, and gave promise of being applicable to spinning particles as well. The gravitationa, l field thus appeared as a k.ind of classical regulator, and Bergmann reasoned that the same might be true in the quantum theory. Since the fields are basic, in the Einstein-Infeld-Hoffmann view, and the particles are merely singularities in the fields, Bergmann's first task was to quantize the gravitational field. It was to be hoped that commutation relations for particle position and momentum would then follow as corollaries.
The obstacles which Bergmann faced were enormous. First of all, since the laws of particle motion depend crucially on the nonlinear properties of the Einstein field equations, it was necessary to quantize the full nonlinear gravitational field. Secondly, it was necessary to find some way of defining pa, rticle position and momentum in terms of field variables alone. Thirdly, it would eventually be necessary to include spin, so that 3A bibliography of Sergmann's early work. will be found in P. G. Bergmann, Helv. Phys. Acta Suppl. 4, 79 (1956 However, Bergmann immediately ran into major difhculties (some of which had already been foreseen by Rosenfeld) in the first stages of his program. These are referred to as "the problem of coestraiets, " and are manifested in the following ways: Some of the field variables possess no conjugate momenta; the momenta conjugate to the remaining field variables are not all dynamically independent; the field equations themselves are not linearly independent, and some of them involve no second time derivatives, thus complicating the Cauchy problem. These difficulties are all related and arise from the existence of the general coordinatetransformation group as an invariance group for the theory.
Similar difficulties had already been encountered with the electromagnetic field and methods for handling them were well known. The same methods, however, proved to be much more dificult to apply in the case the gravitational
field. An obstacle is created, for example, by the fact that not all of the relations between the momenta (i.e. , the constraints) are linear. Moreover, because the invariance group of gravity is nonAbelian (in contrast to the gauge group of electrodynamics) tedious calculations must be performed to check that the commutators of the various constraints lead to no inconsistencies.
Bergmann and his co-workers performed much valuable ground work in formulating the difhculties in a precise way and in partially resolving them. In the meantime additional help came from an unexpected quarter. In 1950Dirac' published the outline of a general Hamiltonian theory which is in principle applicable to any system describable by an action functional. Dirac's methods were quickly seized upon by Pirani and Schild' ' P. A. M. Dirac, Can. J. Math. 2, 129 (1950) . ' P, A, E. Pirani and A. Schild, Phys. Rev. ?9, 986 (1950) .
for application to the gravitational field. Unfortunately, these authors chose to develop the theory within the framework of a "parameter formalism, " in the hope, which eventually proved to be misplaced, of retaining a manifest covariance which Dirac's methods would otherwise destroy. The complexity of the resulting algebra prevented them from computing all of the constraints.
The 326 (1958) ; A246, 333 (1958) ; Phys. Rev. 114, 924 (1959 York, 1964) . This reference contains a large bibliography of additional papers on quantization, collapse, and many other related topics.
The present paper is the direct outcome of conversations with Wheeler, " during which one fundamental question in particular kept recurring: 8'hat is the stricture of the domain manifold for the quantum me-chanical state functionally The attempt to answer this question has required a more far-reaching analysis of the technical structure of the canonical theory than can be found in the previous literature. The results of this analysis are here presented and used to develop an interpretative framework which, although tentative, is perhaps capable of serving in a variety of contexts.
Attention is mainly con6ned to the ca,se of closed Gnite worlds, Grstly because the issues which finite worlds raise are more critical and bizarre, and secondly because the case of in6nite worlds is better handled within the framework of the so-called manifetlsy covariant theory which will be treated in two subsequent papers of this series. The latter theory, which has also achieved a state of technical completion following the pioneering work of Feynman, '3 differs utterly in its structure from the canonical theory, and so far no one has established a rigorous mathematical link between the two. At the present time the two theories play complementary roles, the canonical theory describing the quantum behavior of 3-space regarded as a timevarying geometrical object, and the covariant theory describing the behavior of real and virtual gravitons propagating in this object.
Section 2 of the present paper begins with the derivation of the canonical Lagrangian. Its structure in terms of the extrinsic and intrinsic curvatures of the hypersurface x'= constant is displayed, and attention is called to its relation to the total Geld energy in an asymptotically Qat world. Section 3 is devoted to the primary and secondary constraints of the theory and to the independent question of coordinate conditions.
Quantization is introduced in Sec. 4. Here the puzzling question of the role of a vanishing Hamiltonian is resolved by emphasizing the distinction between finite and infinite worlds. Asymptotic energy is an indispensable concept in an in6nite world, and the Hamiltonian must be chosen accordingly. In a 6nite world there is no asymptotic energy, and an intrinsic description of the dynamics must be found, based on the constra, ints The barrier boundary condition raises difhculties with the de6nition of probability. In order to study these difhculties it is useful to test the theory on a simpli6ed model. In Sec. 7 the quantized Friedmann universe is studied in detail, and its static wave functions in the WEB approximation are obtained. In order to obtain nonstatic wave functions which resemble a dynamical universe evolving it is necessary to introduce a clock. The combined wave functions of universe-clmclock are studied, and it is pointed out that normalizability of the wave functions requires precise commensurability between the periods of universe and clock.
Wave packets exhibiting quasidassical behavior are constructed in Sec. 8, in three different representations.
Two of these make use of proper times de6ned by the clock and the universe respectively; the third treats universe and clock symmetrically through their mutual from the Lagrangian (2.6) a surface integral E"gi ven by g-= -det(g"") = n'y, y-= det(y;;), (3 4) where ', y "'h-,n-, /+V;n;~V,,V2/)~-"~" The obstacle to such a demonstration is the lack of commutativity of the operators appearing in the dynamical equations, pa, rticularly when n and P; depend nonlocally on y,, and x". Although noncornmutativity has no effect on the scattering amplitudes in lowest order, it plays havoc with the radiative corrections. For the study of radiative corrections a manifestly covariant theory is almost essential. In the following paper of this series the theory of gravitational radiative "There is an alternative approach to the quantum theory of gravity which makes use of an action functional which is not coordinate-invariant and which generates no primary or secondary constraints. In this approach the constraints must be imposed from the outside. They take the form of coordinate conditions whose form is not arbitrary but is determined by the action functional itself. In this case the coordinate conditions are constraints on the state vector. This is the approach which has been followed, for example, by Gupta LS. N. Gupta, in Recent Developments vn Gerteral Relatevt'ty (Pergamon Press, Inc. , New York, 1962) Rev. 130, 1253 Rev. 130, (1963 132, 1317 (1963 The primary constraints evidently give no trouble, since they commute with each other and with the secondary constraints. We therefore turn to the latter and look first at the X constraints. These will be taken precisely as written in Eq. (3.6), with the momentum factor x'~s tanding to the right. However, the index will be lowered by dining On the other hand, if we apply the same commutator to the left we obtain [(v;p-'& x'&'v;;) , i x, .bP'd'x'j-= - [(v' "-"v') 
wheref(x) , e(x= -'+e') ' In . an inlnite world, passage to the limit e -+0 would correspond to the usual cutoff going to infinity in momentum space, while maintenance of the valley at x'= x would yield a particular regularization of the resulting divergences. The answer to the question whether or not this regularization is equivalent to the quite diferent procedures which will prove useful in the manifestly covariant theory must await a demonstration of how to derive one theory from the other. In the meantime we shall in this paper simply adopt it as a rule that any two field operators taken at the same space-time point commute. The consistency question for the constratints then reduces to that of the classical theory.
There remains to be considered only the commutator [K, K'j. At erst sight it might be thought that the commutator of the two quadratic-in-the-momenta terms,
one from K and the other from K', leads to diKculties.
However, these terms contain no derivatives (of the v's or m's) with respect to the 3-space coordinates and hence they commute. Since the terms y'~' &'&R and y"~'
(')R' contain no momenta, they lik. ewise commute. The only commutators which remain are the cross commutators, and these can be evaluated by judicious use of the variational formulã 
Since the commutator
is antisymmetric in x and x', it follows that 
v-= (Vv).
(5 g) (5 9) (5.10) Expression (5.8) reveals M as a set of "nested" 5-dimensional submanifolds, all having the same intrinsic shape and differing only in the scale factor (3/32)f'2. The shape is described by the positive-de6nite metric GAB which, since expression (5.9) remains invariant under a dilation of the y's, is independent of l. Now let y to be a 6xed point of 3f "'. Consider the set of al1. points which may reached from y by coordinate transformations. This set is known as the orbit of y under the coordinate transf ormation group and will be denoted by "orb y. " There is a one-to-one correspondence between the orbits in JI/I"' and the points of 5K. In fact no generality is lost if they are identiled:
The "points" of M"' are the matrix functions y;;(x).
For brevity they will be denoted simply by y. In practice the definition (6.1) must be supplemented by some (4) In the case of a pure dilation it is obvious that a geometrical singularity (zero volume) does occur at the frontier. That geometrical singularities must also occur in many other cases as well follows from the readily verified relation d (')R/d5= -(')R"dy, j/d5, (6.9) which holds as long as condition (6.7) is satisfied. In Appendix A it is shown that most geodesics (i.e. , all but a set of measure zero) strike the frontier at points where some of the y,j (and hence some of the dy;;/d5) become infinite, even though y itself vanishes. Except in special cases, therefore, expression (6.9) will acquire singularities at the frontier. By"" (1B, , N m' Bm', Sl, ) (6 18) In addition, the X constraints impose the restrictions pÃV) (88) (6.14)
Each solution of the Hamilton-Jacobi equation (6.12) determines a family of solutions of the classical field equations (i.e. , a family of Ricci-flat 4-geometries) having the following property: For every 3-geometry there exists one and only one member of the family which has the 3-geometry as a spacelike hypersection, i.e. , for which the 3-geometry is to be found among the infinity of spacelike hypersections which the member admits. Once 'H is given, each 3-geometry determines a "The Hamilton-Jacobi equation for general relativity appears to have been first written down by A. Peres, Nuovo Cimento 26, $3 (1962) . '3 The inverse problem of constructing the 'N which corresponds to a given family of solutions of the classical field equations has been analyzed in detail by U. H. Gerlach (to be published). The author is indebted to Gerlach for the opportunity of studying this analysis in manuscript prior to publication. which are obtained by functionally differentiating Eqs. (6.12) and (6.14) and making use of (4.25). The result is a set of six local-6eld equations which, together with (6.12) and (6.14) re-expressed in terms of n, p;.j, y;;,0, are equivalent to the ten Einstein empty-space equations.
Let us now make the simplifying assumptions e"=0, P;=0. We then have which permits x to be identi6ed with the arc length ItI in the manifold M"' and permits the first of Eqs. (6.14)
to be re-expressed in the form (G'~»d~"/d5) ;=0,. However -and this is the second factor -it is now known from the work of Avez, " Penrose, ' Hawking, "
and Geroch" that a nontrivial sitrgglarity ir/ space time-"almost always" occurs at some point in the history of any physically interesting universe. At such a point abandonment of the condition n, ;=0 is of no use.
3-space will acquire a geometrical singularity anwyay. Thus, if the initial hypersurface is suKciently close to the point of onset of a change in 3-space topology, or if a so-called "trapped 2-surface"" is on the point of being born within it, then it will develop a geometrical 34 This is to be compared with T=2R, for a Friedmann universe fIlled with radiation treated as an ideal gas. Note that it is not possible to use expression (6.28) as an upper bound on the lifetime of the universe. Although it is easy to show that it is the spherical geometry which, for ixed V, makes I stationary (i.e. , independent of small variations in the metric), this stationary point is neither a maximum nor a minimum, and hence it is not possible to assert that I&6(47r4V)1/3. (7.4) Just as we have done for the gravitational field, however, we shall "freeze out" all the internal degrees of freedom save a small number by requiring all the particles to be identical and to be in coherent identical states (i.e. , "in step"). Under these conditions the effective particle Lagrangian becomes L=nlVl(q, n 'q, p), (7.5) where E is the total number of the particles in the universe. Adding (7.3) and (7.5) to obtain the total Lagrangian we see that once again we have the primary constraint where H+H= em, p+IIR, p+P, q', p L L--=m. n, p+n(BC+K), II = BL/BRp -24~, '--n -'RR p, P; (3L/jq, p= +pi p = gt/gq =--11'/48~PR -12~PR X-= 1Vm, m-= P, q' -/.
(7.7) (7.8) (7.9) (7.10) (7.11)
The symbol m is here used to denote the internal Hamiltonian of the particles because the Hamiltonian is, in fact, the rest mass, provided the arbitrary zero point of the Lagrangian / has been properly chosen.
%e note that the "kinetic energy" term in the gravitational Hamiltonian (7.10) has the opposite sign (i.e. , negative) from that of conventional Hamiltonians. This is because the only motion permitted to a Friedmann universe is one of pure dilation, and hence the coordinate R is "tirnelike. "
The condition m, o= 0 leads immediately to the dynamical constraint K+ %=0 which, in the quantum theory, takes the form (7.1). Leaving aside these questions for the moment, let us note some of the simple mathematical properties of Eq. (7.12). If we carry out the point transformation X= R'~' C = -(BR/BX)'"-e=(-')"'R -"% (7 13) Eq. (7.12) is converted to -(3/64m') B'4/BX'+127r'X' 'O'= Nm@. (7.14)
H the particles are in eigenstates of mass, so that m may be treated as a c number, and if the boundary condition adduced which suggest that 4 must nonetheless be normalizable. The most iiTiportant of these is that a to 6gure, each region contains an imsariatst point which is independent of 8. These points are shown in the 6gures. The degenerate curves are those which have collapsed onto the invariant points. They are divided by the invariant points into a total of 4hehn segments, which will be called ieMriuet segments. The invariant segments may be labeled in a systematic fashion, starting, say, from the "southwest" corner of the enclosing rectangle, bypairs of integers (r,r) satisfying 1&r&2hts, 1&r&2hn. %hen an invariant segment is used as a contour of integration (see Sec. 9) it will be denoted by the symbol Z",, )See Fig. 1(c 
If the "energy" spectrum were continuous and ranged from -~t o~the function 5 would be the Dirac 8.
In reality it is a function which although divergent at the origin does not coInpletely vanish elsewhere. Thus the eigenvectors (r,r. ( are only approximately orthonormal, a fact which stems from the lack of strict Hermiticity of the operators r and c.
Instead of working with the vectors (r,~~i t is more interesting to work with (r,q~, (R,~), and (R,q~, which are defined in an obvious fashion. The"normalization of (R,q~may be fixed by setting (R,qim)=e", (811) where 0'" is the function having the WEB approximation (7.53), with A"given by (7.63). In a similar manner the normalization of (r, q~a nd (R,s( may be fixed by giving the %KB approximations of their inner products with~e). We shall choose (r,q[+)-= e.=(s) An/2~] V, ))'"
We may also introduce the corresponding canjugate vectors, denoted by~r ',~'), which are right eigenvectors of the conjugate operators rf and rt N.ow let (P denote the projection operator into the physical subspace of allowed state vectors. Using Eqs. (8.5) and the Hamiltanian constraint (7.1), which may be rewritten in the farm (X+X)tp= tl (X+I:) = 0, tP2= 6, (8.6) it is easy to see that (r,z~( P depends only on the difference r -. This simple dependence may be recognized as a quantum consequence of the classical correlation (8.7) which follows from (7.31) and (8.2).
The projection operator (P is conveniently defined in terms of the eigenvectors Irk+4, n+~) of the J's.
Writing~m+4, n+-', )-=~e ) whenever the quantum numbers are restricted as in ( 7.55) Denoting by 4 and C arbitrary superpositions of the functions +"and 4", respectively, we may write the . (8.15) When the function 4', of (8.1) has the form of a wave packet so also have the corresponding functions 4 and +,. The form of the packet tra, jectory in the case of the function 4 may be determined by noting that the condition for constructive interference, which establishes the correlation between E and g, is condition (7.15) the packet rebounds repeatedly from the collapsed state until it ultimately loses its identity owing to spreading. Throughout the period of each rebound the width of the packet remains at all times finite, never suffering infinite compression. Transition through collapse thus becomes, in the quantum theory, a continuous process -something which cannot be achieved within the classical framework. The pairs of suffixes r, t and 3, r have the ranges r=1, 2. . Ae r=12 -5n /g=. -2 -1012 ) ) ) ) ) ) ) ) ) and may be used in an obvious manner to identify either the simple segments or their associated intersecting arcs. Examples of arcs and point pairs are shown in the figure.
Kith the introduction of the three wave functions 4, 4, and 0' we now have at our disposal three distinct mathematical windows from which to view the Friedmann world. From one window the material content of the universe is seen as a clock for determining the dynamical behavior of the world geometry. From another it is the geometry which appears as a clock for.
determining the dynamical behavior of the material content. From the third the geometry and the material content appear on equal footing, each one correlated in a certain manner with the other. It is worth remarking that it is not necessary to drag in the whole universe to argue for the phenomenological character of time. If the principle of general covariance is truly valid then the quantum mechanics of every-day usage, with its dependence on Schrodinger equations of the form (8.14) or (8.15), is only a phenoinenological theory. For the only "time" which a covariant theory theory can admit is an intrinsic time dehned by the contents of the universe itself. Any intrinsically de6ned time is necessarily non-Hermitian, which is equivalent to saying that there exists no clock. , whether geometrical or material, which can yield a measure of time which is operationally valid under all circumstances, and hence there exists no operational method for determining the Schrodinger state function with arbitrarily high precision. This statement also follows directly from the uncertainty principle. Because every clock has a "onesided" energy spectrum, its ultimate accuracy must necessarily be inversely proportional to its rest mass, When the whole universe is cast in the role of a clock, the concept of time can of course be made fantastically accurate (at least in principle) because of the enormity of the masses and quantum numbers involved. But as long as the universe is 6nite, a theoretical limit to the accuracy nevertheless remains.
THE INNER PRODUCT
We shall now use the results of the two preceding sections to show how the definition (5.19) for inner products can be rescued from the negative-probability disaster, at least in the case of the quantized Friedmann model. First we must derive the form which (5.19) takes in this model. Consider the following integral: y{[K(q, ia/Bq) e-b5*e eb*K(q, -i a/Bq) e, ) -dq, where 4, and. %b are arbitrary complex functions of R and the q', and y is a real test function. Because of the Hermiticity of $C this integral may be rewritten in the form eb*[se(q, ia/Bq), y-fe dq i eb*V'(q, -ia/Bq)~(By-/Bq')e. dq, (9.1) where V' is defined by (7.27), but with the replacement P;~ia/Bq' instead of E,=BW/-Bq', and where the dot in the right-hand integrand indicates that the factor By/Bq' is to be inserted between noncommuting factors in the terms of V' in such a way as to yield the commutator on the left. If now the diQerential operators occurring in V' are peeled to the left and right, via integrations by parts, in such a manner that they no longer act on By/Bq', then the integral takes the form -i (By/Bq')(eb'V'e. )dq =i ya(eb*V'e )/Bq'dq, (9.2) where V' denotes the result of the peeling process. Because of the arbitrariness of y it follows that [x(q, ia/-aq)eb5*e. eb-*x(q, i a/aq)e. -= a(e, *V'e )/aq' (9 3) In a similar manner we find [x(R, ia/BR-)e,)*e. eb*x-(R, ia/BR)e-.
= a(e, *Ve. )/aR, (9.4) where in this case we can give an explicit form for V:
The analog of (5.19) is now obvious, namely, (eb,e.) = (eb*Ve.dq+eb*V'e. dRdZ;), (9.6) where Z is an appropriate surface in the R-q manifold and dZ; is the directed surface element of its projection into q space. From Eqs. (9.3) and (9.4) it follows that a(e, *ve. )/aR+a(e, *V'e. )/aq'= o, (9.7) whenever 4 and +b are physical state functions satisfying the Hamiltonian constraint (7.1). Therefore the integral (9.6) is independent of Z provided the boundary of Z remains in a region where 0' and +b vanish.
When the coherent dust 6lling the Friedmann universe is restricted to only one degree of freedom the inner product (9.6) reduces to (eh, e. ) = (eb*Ve. dq eb*V™e. dR-), (9.8) where Z is an appropriate contour in the R-q plane. The key word here is "appropriate. " In analogy with our previous treatment. of the manifold BK of 3-geometries in the general theory, we may view the R-q plane as endowed with a natural metric determined by the structure of the functions K and X. With respect to this metric the coordinates R and q are "timelike" and "spacelike", respectively. If the Hamiltonian constraint (7.1) were an ordinary wave equation we would naturally adopt for the contour Z a "spacelike" line such as R=constant. However, just as in the general theory, so also here, "wave" propagation is not restricted to timelike directions. Indeed, from the lissajous traces of Fig. 1 , it is evident that the Friedmann universe not only executes "timelike" and "spacelike" motions with impartiality, but even turns around and "moves" backward with respect to the "time" coordinate. The distinction between "timelike"
and "spacelike" clearly does not have the same pervasive signi6cance here as it does in ordinary wave theories.
If we were actually to choose, for Z, a line R=con- as R', such a curve can also be deformed into one along which +, and @i, vanish, without affecting (9.8).
How then shall we choose Z? The answer is to be found in the conservation laws (6.13), (7.38) , and (9.7). From our analysis of the Lissajous traces of Fig. 1 it is evident that probability Rows in a closed 6nite circuit in the R qplane. Z m-ust therefore be a finite curve, chosen so as to intersect a unidirectional unit Aux of probability of each of the two functions 4, and 0'b. Since the packets are "good" we know that 0', and 0'b vanish at its endpoints. Suppose Z",, intersects a NE-SW branch of the lissajous figure formed by the packet traces l e.g. , the segment Zi~shown in Fig Having dropped the parts of the WEB functions which refer to irrelevant branches, we may now extend the contour Z",, until its ends coincide with points at which maximum destructive interference (of the W+, W+ parts) occurs l e.g. , the points A and J3 in Fig. 1(c) =Q ' b *a"l (aa,T/4m-)+((v"T/4m) j, (911) the positive sign of the 6nal bracketed factor being obtained by appropriately orienting the original contour Z",.The contour Zi, 2 in Fig. 1(c) We therefore have quite generally X"*X". dR=5 ", X"*X"dq=b"".. (9.19) Thus, we may write @(R, q) =Q"' X"(R)X"(q) X"*(q') where X"and X"have the WKH approximations (9.17) x. = (~"/2m I V. I)"' &([exp(iW"+)+exp(iW")], (9.18) and satisfy the orthonormality conditions (%~*V@dq 4b*-V@', dR) =P"'b *a", (9.13) X%'(R',q') dq'/X (R') (9.20a) the relation "=" tending toward "=" the more precisely defined the packets +, and +~become. anyway.
An entirely similar analysis can be carried out in the R-g and v-q planes. Here the inner product integrals are given by =P"'X (R) X, (q) X"*(R') X4(R', q') dR'/ X,(q'), (9.20b) which express 0' everywhere in terms of its values on the infinite contour R=R' or on the infinite contour f=g .
However, when the function N has the form of a wave packet 0, it should be equally possible to determine it completely by knowing its value over a finite contour Z which intersects the packet only once.
That this is indeed the case follows from the fact that for a good packet the integrals (C p, C, ) = (C't, *VC.dr C t, *C dR), -(9.14) (C . *V @. dq O"*V+. dR), -(9.21) (e. , e, ) = (4 t, *@, dq -% t, *&4, dr), (9.15) for all n, may to a high degree of accuracy be replaced simply by which reduce to the familair J'C~* C,dR and J'e b* [(7.15) in the present context) the state function will be determined everywhere as soon as it is specified on a hypersurface. This is very easy to demonstrate in the present context, because of the separability of Eq.
(7.12), which permits the eigenfunctions 4" to be expressed in the product form Equations (A20) Next note that in virtue of the conditions (5.13) N always has one root which is at least as negative as - (6) Since M and c2 are arbitrary (subject to detM=1) it follows that any singular symmetric matrix having an odd number of vanishing roots can be reached by a geodesic. Matrices having two vanishing roots can be reached (in a 6nite distance) from nonsingular points, but only along paths which su6er in6nite absolute acceleration at the frontier.
It is not difficult to obtain an expression for the geodesic distance between two matrices y~a nd y2 in M. 
where R, ,k = -y,,~8(x, x') -y»8, ,(x, x-') -y;~8,;(x, x') (817a) (817b)
When the indices n, P include continuous labels the "matrix" y p is tyipcally a differential operator (sum of differentiated e f'unctions) and its inverse y P is a 
Equations (832) and (833) 
'-=R'pL~jL "-L&3, v'-A=R'p jL~l~jAL "-L*l,
' p=R' LvÃj L9)L "I:*PL "p[*j +R'vL~3L The only requirement on the hypersurface is that it intersect the orbit of every point contained in (at least) some finite portion of the q manifold. A coordinate system is then laid down in this hypersurface, with the coordinates denoted by sA. If the hypersurface has been carefully chosen each orbit will intersect it in a single point, and the s's at that point may be used to label the orbit itself. For example, in the manifold M ' one may choose for the equations (835) the harmonic condition (y'j'y"), ;=0; then any three of the functions ipAB (q) of Eq. (5.3) may be chosen as the s's.
A general point in the q manifold will be reached by moving off the hypersurface along (i.e. , within) an orbit thus:
&'I &p)=C"9' v'oLsjj (836) where yo'Lsg is the starting point on the hypersurface.
The group coordinates x together with the s's provide a new labeling scheme for the points of the q manifold, and the task before us is to compute the metrics gij and g;j in this new coordinate system. For this purpose we shall need the relations One then readily verifies that the contravariant metric, with components g P, g "(=g" ), g"B, is given by g'=g'+g"g. Ag"'g C",
= -g gPBg gA Cg~A (847) It is now easy to show that gAB and gAB (and hence g"B) are independent of the x's. Thus, using (837) and (838) (857) itself. Therefore, if the geodesic intersects one orbit orthogonally then it intersects every orbit in its path orthogonally, and, moreover, it traces out a geodesic curve in the orbit manifold.
